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In this paper, the exp-function method is applied by using symbolic computation to construct a

variety of new generalized solitonary solutions for the Chaffee-Infante equation with distinct phys-
ical structures. The results reveal that the exp-function method is suited for finding travelling wave

solutions of nonlinear partial differential equations arising in mathematical physics.
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1. Introduction

Large varieties of physical, chemical, and biologi-
cal phenomena are governed by nonlinear partial dif-
ferential equations. Solving nonlinear equations may
guide authors to know the described process deeply
and sometimes leads them to know some facts that
are not simply understood through common observa-
tions. The investigation of exact solutions of nonlin-
ear partial differential equations plays an important
role in mathematics and physics. A variety of powerful
methods have been developed for obtaining approxi-
mate and exact solutions for various nonlinear equa-
tions like sine-cosine method [1], Adomian decompo-
sition method [2], variational iteration method [3 - 6],
F-expansion method [7], tanh-function method [8, 9],
homotopy perturbation method [10], homotopy analy-
sis method [11, 12], and so on.

In this paper, we consider the (2+1)-dimensional
Chaffee-Infante equation in the following form:

Uy + (—tr + Ocu3—(xu)x—|—6uyy =0, (D

where o and o are arbitrary constants. The (2+1)-
dimensional Chaffee-Infante equation is a well-known
reaction duffing equation arising in mathematical
physics (see [13] and references therein). Next, we
consider the (1+1)-dimensional Chaffee-Infante equa-
tions [13]

U — tyy = otu(1 —u?), 2)

where o is an arbitrary constant. The parameter o
adjust the relative balance of the diffusion term and
the nonlinear term. It is also called Newell-Whitehead
equation when ¢ = 1.

The exp-function method [14] was proposed by He
and Wu in 2006 to obtain exact solitary solutions and
periodic solutions of nonlinear evolution equations,
and has been successfully applied to many kinds of
nonlinear partial differential equations [15-28]. All
of these applications verified that the exp-function
method is a straightforward and efficient method for
finding exact solutions for nonlinear evolution equa-
tions. The main purpose of this paper is to obtain gen-
eralized new soliton solutions to (1) and (2) by using
the exp-function method.

2. Solutions of (2+1)-Dimensional Chaffee-Infante
Equation

In order to obtain the solution for (1), we con-
sider the transformation u = v(n), N = kx+ Iy + ot,
where k, [, and w are constants to be determined
later. We can now rewrite the Chaffee-Infante equa-
tion (1) in the following nonlinear ordinary differential
form:

kv — i3V +30kv? — akv' + 61V =0, (3)

where the prime denotes the differential with respect
to 1. According to the exp-function method [5], we
assume that the solution of (3) can be expressed in the
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form

Zdz—c dan CXP(”’? )
mffp bm GXP(mn)
where ¢, d, p, and g are positive integers which are
unknown and have to be determined further, a, and b,,

are unknown constants.
(4) can be rewritten in an alternative form as

v(n) = acexp(en)+---+a_gexp(—dn)
bpexp(pn)+---+b_gexp(—qn)

In order to determine the values of ¢ and p, we balance
the linear term of highest order in (3) with the highest-
order nonlinear term. By simple calculation, we have

Nz C1 CXP[(7P+C)77} +---

v(n) = “4)

(&)

~ coexp(8pn) + - ©
and
2 esexpl(3p+ 300 +
csexp(6pn) + )
_ czexp[(Sp+3c)n+
=T et

where ¢; are determined coefficients only for sim-
plicity. Balancing highest-order of exp-function in (6)
and (7), we obtain

Tp+c=35p+3c 8)
which gives
p=c. )

Similarly to determine the values of d and ¢, we bal-
ance the linear term of lowest order in (3) with the
lowest-order nonlinear term

" o +d exp[—(7q+d)1ﬂ

-+ daexp|(—8¢)n] (10
and
Y ~~+dsexp[ (3¢ +3d)n]
-+ +dgexp[(—8¢)n] (an
"+d3€Xp[ (5¢+3d)n]
- tdsexpl(—8g)n]

where d; are determined coefficients only for sim-
plicity. Balancing lowest-order of exp-function in (10)
and (11), we obtain

—(7qg+d)=
which gives

qg=d.

—(5¢+3d) (12)

(13)

Casel: p=c=1,d=g=1.

We can freely choose the values of ¢ and d, but the
final solution does not strongly depend upon the choice
of the values of ¢ and d. For simplicity, we set p =c =
1,b; =1,and d = g = 1, then (5) reduces to

@ exp(n) +do+a_1exp(—1n)
exp(n)+bo+b_1exp(—n)

(14)

Substituting (14) in (3) and using the Maple soft-
ware, equating to zero the coefficients of all powers of
exp(nn) gives a set of algebraic equations for ay, ay,
a_i, bo, b_1, k, I, and @. Solving the systems of alge-
braic equations using Maple gives the following sets of
non-trivial solutions:

{alzl, aon, a_1:O, boZO,

5
by =b_,, k_zl 1=1, (15)
—3a2+ 166,012 o
0= -SRI a5,
2_
{a1=611, aoz—w,
@05
a_IZ_T’ bo = b,
(aZ_l)bZ (16)
boy=—-1—-2 k=x+,/3a4]—q,
8aj -
O
=1, o=——
) k }7
4 _ _ 133a;ag
al - 577 aO _a07 a—l - 12 Iy
1942 60
bo=0, b_j=——22 k=== (17)
0 5 1 12 5 197
I_ o 440’4361kl
Y - 114 ’
1 TN
=44/ — = -
{al 577 ap aop, a—g 36N2’
19N1a1 6
bo=by, b_j= k=4+4/—, (18)
0 05 1 12N2 ) 97
I_] o \#4a?+361kol
o 1140 ’
where
Ni = 69agb} — 28543 — 91ayby + 1539a1adby (19)
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and
Ny = 13bg+ 285a,ay. (20)

Substituting (15)—(18) in (14), we obtain the follow-
ing soliton solutions of (1):

exp(n)
exp(n) +b_iexp(—n)’

M](X,y,t) = (21)

where 11 = 52—1x+ly— (#W)t and & =

+,/%,

MZ(X,y,t) =

S exp()—8boa1 (263 — 1) — a1 (@} — 1)B3exp(—1)
8aZexp(n) + 8a3by — (a? — 1)b3exp(—1)

)

(22)
where = £ /30a? — ax+1ly — ("le> t,
uz(x,y,1) =
12a;exp(n) + 12ag — 133ajadexp(—n)  (23)

i

12exp(n) — 19a3exp(—n)

where 1) = £/ %%x + 1y — (w) tand a; =

I 114
1
+/ &,
ug(x,y,1) =

36a1N; exp(n) + 36N2ap + TNy exp(—1)
36N exp(n) + 36N2bg + 57Njaj exp(—n) ’

(24)

where = i\/ﬁl—g‘x—i—ly— (—W) t and Ny,

N, are defined as in (19) and (20). Further, since b_ is
a free parameter, we take b_; = 1, then (21) admits a
new soliton solution of (1),

1
M(X,y,[) = 5(1 +tanhn)7

51 —3a2+ 16510’12
h =—x+ly— | —— |t
where 0 zx—i- y v (25)
o
and 6, =+ >
Also when a; = 1, by = 1, (22) admits a new soliton
solution of (1),

u(x,y,t) = tanh g,

ol (26)
where N ==£vV2o0x+1ly— (7> 1.

Case2: p=c=2,d=qg=2.

Now consider the case p =c=2and d = g =2 with
a)=a_,=by =b_1 =0, by =1, under this case (5)
can be expressed as

S exp(n) +ao+a-1exp(—n)

— Q7
exp(2n) +bo+b_rexp(—2n) @7

By the same calculation as illustrated in the previous
case, we obtain

{(l] =1, ap=0, a1 =da-j,

8a_i+aj _
b = “17*“1’ b o= aia L (28)
8a1 8
Ik
k=+v—-a, =1, a)—%}.

Substituting (28) in (27), we obtain the following soli-
ton solutions of (1):

_ 8atexp(n) +8aja_jexp(—n)
8ajexp(2n) +8a_i +a} +aa_jexp(—2n)’
(29)

u(x,t)

where 1) = kx+ Iy + ZLks k= +/—q.

3. Solutions of (1+1)-Dimensional Chaffee-Infante
Equation

In this section, in order to obtain the solution of the
Chaffee-Infante equation (2) we consider the transfor-
mation u = v(n), N = kx+ @t, which converts (2) into
an ordinary differential equation of the form

oV — k' —ov+av? =0, (30)
where the prime denotes the derivation with respect
to 1. By the same procedure as illustrated in Section 2,

we can determine values of ¢ and p by balancing "
and v? in (30),

V= crexp[Bp+a)n]+---

crexp(4pn) + -+ Gh
and
3= caexplGa)n] + -
caexp(3pn) + -+ (32)

_asexp[(p+3)n]+---
caexp(4pn) +---
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Balancing highest-order of exp-function in (31) and
(32), we obtain

3p+c=p+3c (33)
which gives
p—c. (34)

By a similar derivation, balancing lowest-order of exp-
function in (31) and (32), we obtain

—(3q+d)=—(q+3d) (35)
which gives

g=d. (36)
Casel: p=c=1,d=g=1.

As mentioned in the previous section, the values of ¢
and d can be freely chosen. For simplicity, we choose
p=c=1,b; =1,and d = g = 1, then the trail func-
tion (5) becomes

y @ exp(n) +ao +a-—iexp(=1)

= . 37
vin exp(n) +bo+b_1exp(—n) 37)

Substituting (37) in (30), equating to zero the coeffi-
cients of all powers of exp(nn) yields a set of algebraic
equations for ay, ag, a_1, bg, b_1, k, and ®. Solving the
systems of algebraic equations using Maple, we obtain

{al——l, ap=0, a1=0, by=0,
bo=by, S=/>, kz%, (38)
o
- 47 b

{0120, ap=0, a1=-b, by=0,

boi=b_y, &ziwg,kzﬁ, (39)

Substituting (38) and (39) in (37), we obtain the fol-
lowing soliton solutions of (2):

exp(—1)
7t = )
ul(x ) eXP(n)‘beleXP(—n) (40)
& 3a
where 1 = ?x—i- Tt’
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—b_1exp(—1)
7t = )
MZ(x ) exp(n)+b—leXP(—n) (41)
& 3o
where 1 = 7)6— Tt'

Further, since b_ is a free parameter, we choose b_| =
1, then (40) and (41) admit the following new soliton
solutions:

u(x,t) = —%(1 + tanh(n)),

42
& 3a o “42)
where n:?x—i- Tt and & =+ >

and

u(x,t) = —%(1 —tanh(n)),

& 3a B o
where nf?x—jt and & =+ >

respectively.

(43)

Case2: p=c=2,d=qg=2.

For simplicity, weset p=c=2,b, =1,b; =b_1 =
0, and d = g = 1, then by the same procedure as illus-
trated in Section 2, we obtain the following equation:

v(n) = [azexp(2n) +arexp(n) +ao
+a_yexp(—1n)+a_zexp(—21)]
- [exp(2n) + bo + b_sexp(—27)] -

(44)

By the same calculation as illustrated in the previous
subsection, we obtain

2 3
{61220, ai=1, ap=ai, a_1=boa+aj,

2 4 4 2
a_p = boaj —|—a1,b0 =by, b o= —aj] — boay,

o R0
k=44/—= 0=-"—" 45
JZ 2}, 45)
a_j
{az__l, a=ay, ap=-21
aj
—a_1+a3
a1=a1, a,=0, by=— L, (46)
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{aZ_Ov a; =0, ap =dp, a-| :07

_ 2
e e R
ap
o 04 3o
Si=4y/=, k==, o=-""). 47
4 27 27 4} ( )

Substituting (45)—(47) in (44), we obtain the follow-
ing soliton solutions of (2):

u(x,t) = [arexp(n) +ai + (boar +aj) exp(—1)

+ (boai +af)exp(—2n)] (48)

- [exp(2n) +bo — (at + boa) exp(—21)] ',
where ) = +./%x— %"‘t,

u(x.t) = [ —arexp(2n) +adexp() —a-

+a_arexp(—n)] [a1exp(2n) (49)
— (—a1+a}) —a_iaiexp(—2n)]
where ) = +,/%x+ 3¢,
u(x,t) = [a% +a_sag exp(—Zn)] [ao exp(2n) 50)

—(—a_+ a(z)) —a—2a9 GXP(_Zn)] - ’

where ) = %x — 3% and §; = +/Z.

Case3: p=c=3,d=q=3.

Now we consider the case p=c=3,andd =¢q¢ =3
with b, =1, b3 = by = b_ = 0, under this case (5) can
be expressed as

v(n) = [a3 exp(3n) + azexp(2n) +ajexp(n) +ao
+a_yexp(—n)+a_aexp(—21)+a_3exp(—31)] (51)
-[exp(2n) + by + b_rexp(—2n) + b_zexp(—31)] -
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matical physics.
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